In this paper we give a bound for the cardinality of an intersection set of a 2-(v,k,2) design D. We give a new proof of Drake's inequality for the cardinality of a blocking set of D. Our proof will enable us to characterize the case of equality. We investigate the existence of the blocking sets of type (1,s) in a design. We prove some non-existence theorems and give some bounds for the parameters of a design containing such a blocking set. © 1997 Elsevier Science B.V.
The integer r -2 is called the order of the 2-(v, k, 2) design. An intersection s-set in a 2-(v,k,2) design D is a set S ofs points of P such that each block intersects S. A blockin9 s-set in a 2-(v,k, 2) design D is an intersection s-set containing no block of D. So, also the complement point set P -S of a blocking s-set S is a blocking set of D. A blocking s-set S of D is called irreducible (or minimal) if the set S -{x} is not a blocking set for all x E S. We say that D is an s-blocked desion, if s is the minimum cardinality of a blocking set in D.
The index of a blocking s-set S of a 2-(v,k,2) design is the minimum number i(S) of blocks whose union contains S.
Let S denote an s-set in a design D. A block meeting S in exactly i points will be called an i-secant block of S. The numbers ti of/-secant blocks of S are called the characters of S. The set S is said to be of class [mo, ml, 
. ms).
If m and n are, respectively, the minimum and maximum cardinality of S N B for all blocks B of D, we say that S is an (s;m,n)-set of D.
It is easy to prove that the characters of an (s; m, n)-set S of D satisfy the following equalities: 
Z i(i -1 )ti = 2s(s -1 ). i=m
Furthermore, the numbers ui and vi of the blocks through a point off S or through a point on S that intersect S in exactly i points, respectively satisfy the following equalities:
We recall that in a 2-(v, k, 4) symmetric design of square order there may exist a Baer subdesign, that is an s-set intersected by any block in one or n points (i.e., of type (1,n)) with s = [k + (k -2)112]/2 and n = 1 + (k -4) 1/2.
In the study of blocking sets in a symmetric design a Baer subdesign plays an important role. We have the following: Result 1.1 (see [15, 16] Drake proved the following bound for the cardinality of a blocking set in a design.
Result 1.2 (see [16] ). Let S be a blocking set of a 2-(v,k,2) design D. Then k¢3 and
There are quite a few papers on blocking sets in designs (see for instance [2] [3] [4] [5] [6] [7] [8] [12] [13] [14] [15] [16] [17] [18] [19] ).
A very interesting problem in the theory of blocking sets is to determine the minimum cardinality of a blocking set in a given incidence structure. Moreover, it is interesting to know which designs contain a blocking set having a fixed index.
It is well known that in a projective or affine plane a blocking set has index at least 3. In a previous paper we proved that in a Steiner system S(t,k,v) there is no blocking set of index 1 (cf. [8] ). Moreover, it has been proved that any blocking set of an S (2,k,v) has index at least 3 (cf. [18] ).
Furthermore, the only biplane containing a blocking s-set of type (1,s) and index 1 is the 2-(4,3,2) design, while each of the five 2-(15,7,3) Hadamard designs contains a blocking 3-set of type (1,3) (cf. [4, 6] ). In [3] we investigated the existence of a blocking 3-set in a 2-(v,k,2) design D. This cardinality is the minimum possible if D is different from a 2-(2 + 2,2 + 1,2) design (cf. [3] ). We established which designs, with r >/22, may contain a blocking 3-set. These blocking 3-sets have alway index 1.
In Section 2 we give a bound for the cardinality of an intersection (s; 1,n)-set of a design. We find again, in a different way, Drake's bound for the cardinality of a blocking set of a design; moreover, we characterize the case of equality. Finally, we prove that a 2-(v, k, 2) design with v > (k-1 )2 cannot contain a blocking set of index 1.
In Section 3 we deal with the blocking s-sets of type (1,s). We prove some nonexistence theorems. Moreover, we establish some bounds for the parameters of a design containing a blocking s-set of type (1,s).
Bound for the cardinality of a blocking set
We begin with the following:
there is no blocking s-set S of type (m).
Proof. First, suppose that in D there is a blocking s-set S of type (1) . Then it follows that s = 1, and b = r in view of (1), a contradiction. Now, suppose that S is a blocking s-set of type (m) with m> 1. From (1) We deal with irreducible blocking sets, so we have that m = 1 and tl ~> s. We prove the following bound for the cardinality of an intersection s-set of a design.
Moreover, the equalities hold if and only if S is of type (1, n).
Proof. Let S be an intersection (s; 1,n)-set of a 2-(v,k, 2) design. For a fixed integer N/> n, we obtain by (1) that
so that
For N = n it follows that
which implies (4).
Since the equality ~--~i"=l(N-i)(i-1)ti = 0 is verified if and only if N =n and ti = 0 for each i with 1 < i <n, it follows that the equalities in (4) hold if and only if S is of type (1,n In the next theorem we deal with blocking sets of index 1. The bound of Corollary 2.6 on v for the existence of a blocking set of index 1 is better than the bound found in [18] .
Blocking s-sets of type (1, s)
In this section we deal with blocking s-sets of type (1,s) in 2-(v,k,2) designs D. In the sequel we consider 2-(v,k,2) designs D that are not 2-(2 + 2,2 + 1,2) designs. Consequently, a blocking set has at least three points (cf. [3] ). Moreover, if a 2-(v, k, 2) design contains a blocking set, then k > 3 (cf. [ 16, 18] ). We begin with a consequence of Theorem 2.5. [] Now we deal with some particular cases. Proof. Since r=pk2/(k-1) is an integer and gcd(k-1,k)=l, it follows that pA=~(k-1), where ~>1 is an integer. Since k-l=p, and p<<.k-2, we have that 2=k-1. So, r----p(p+l). If P is a point off S, from (2) we see that (s -1 )us = As -r. Since s = p + 1, 2 = p, and r = p(p + 1), we obtain that pUs = p-p. Since Us is an integer, and p ~< p-1, it follows that p = 1, and D is a 2-(p + 2, p + 1, p) design. [] Proof. Suppose that in a 2- ((k-1)2, k, 2) design there is a blocking s-set of type (1,s) . Then, in view of Theorem 2.5, s = k-1. Since r = k(k-2)2/(k-1) is an integer, it follows that 2=k-1. Moreover, from (2) we have that uk-l = 1/(k-2). Since k>3, it follows that uk-1 is not an integer, a contradiction. [] Now we consider the 2-(pk + 1,k,2) designs with 2<<.p<~k-3, and k¢p + 1 for any prime p. We prove the following: Proof. Since r = pk2/(k-1), and gcd(k,k-1)= 1, it follows that p2 = ~(k -1), where ~>1 is an integer. Being p2,.<2(k-3), it holds that ~.,<2(k-3)/(k-1)<4. The number us of blocks through a point off S that intersects S in exactly s points is
Since • < 2, it follows that each point of D -S satisfies Us >>. 1, which implies 2 -~/> p. So, we have that 1 ~< ~ ~< 2 -p, from which we obtain p ~< 2 -1.
From the inequalities k<<.r=~k=p2 + ct~<p2 + 2 -p~<22 -2 + 1 it follows that k ~< 22 -2 + 1. So, the assertion is proved completely. [] From Theorem 3.6 we have the following consequence. The following theorem is about the symmetric case. Remark 3.12. In [3] we investigated the problem of the existence of a blocking 3-set in a design. We proved that if a blocking 3-set exists in a 2-(v, k, 2) design D, with r~>22, then D is one of the following designs: a 2-(22 + 3,2 + 1,2), a 2-(2(2 + 1), 2 + 1, 2), a 2-(22 -1, 2, 2), a 2-(42 + 3, 22 + 1, 2) Hadamard design with 2 odd, or a 2-(42 -1, 22, 2) Hadamard design. In any case, a blocking 3-set has index one.
